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The proof of the Main Conjecture in Iwasawa theory by Mazur and Wiles implies that the 
Birch-Tate conjecture #K2(OF) = w?(F)1 cF(-l)l is true up to 2-torsion for real abelian 
number fields. In the present paper the even part of the Birch-Tate conjecture is verified for 
cyclic number fields F with odd prime degree p if the order of 2 mod p is even, 2 is inertial in F 
and the class number h(F) of F is odd. 
1. Statement of result 
The Birch-Tate 
number field F 
+%O, 
conjecture [1,9] predicts that for any totally real algebraic 
where 0, is the ring of the integers in F, &OF the &-group of O,, OF the 
Dedekind zeta function of F, w2 the number of roots of unity in the field 
extension F(e). The proof of the Main Conjecture in Iwasawa theory by Mazur 
and Wiles [8] implies that the Birch-Tate conjecture is true up to 2-torsion for 
abelian number fields. It has been proved that the ‘t-primary part of the 
conjecture holds as well in the following two cases: 
(i) (Kolster [7]) for F = Q( J + 5 -l), c = ezmii2’, 12 3 ; 
(ii) (Hurrelbrink [5]) for F = Q(G), d = p or 2p, p = ?3 (mod 8). 
In the present paper we prove the same conclusion for a certain kind of cyclic 
number fields with odd prime degree. The result is 
Theorem 1.1. Let F be a cyclic number field with odd prime degree p. Suppose 
that the following three conditions are satisfied: 
(a) the multiplicative order of 2 mod p is even; 
(b) 2 is inertial in F; 
(c) the class number h(F) of F is odd. 
Then the Birch-Tate conjecture holds for F. Moreover, in this case the even part of 
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I&OF is (Zl2Z)’ and generated by (-1, ei} (15 i -‘p) where {q, . . . , E~_~} is a 
fundamental system of units in O,, ep = -1 and ( , > is the Steinberg symbol. 
Remark 1.2. Condition (a) holds for all p < 100 except 7, 23 and 47. 
We first list in Section 2 some preliminary conceptions and propositions that we 
need in the proof of Theorem 1.1. We prove the theorem in Section 3 and show 
some examples in Section 4. 
2. Preliminaries 
From now on we assume that F is a cyclic number field with odd prime degree 
p. First we need some knowledge on the relation between the unit signature and 
the parity of the class number. Let U = U(F) (resp. C = C(F)) be the group of 
units (resp. cyclotomic units) of F, U, = U+(F) (resp. C, = C+(F)) the subgroup 
of U (resp. C) consisting of all the totally positive units in U (resp. C), h(F) the 
class number of F, G = Gal(FIQ) = {a,, . . . , CT,}, the Galois group of F/Q. The 
mapping 
c: U(F)+ IF; , u ++(sgn a,(v), 
is a homomorphism from the multiplicative 
where 
B . * ) sgn up(u)> 
group U(F) to the additive group E-,P 
sgn(v) = 1 0 ifu>O, 1 ifv<O. 
We have that 
2p (U: U’) (U:U”) =(U+:U2)* 
#(crU) = (U:Ker g) = (U: U,) 
This means’ that 
Proposition 2.1. (U, : U”) = 2p-d1m’2(uU) Cl 
Proposition 2.2 (Garbanati [3, Lemma 5 and Corollary 1 of Theorem 11). Under 
condition (a), we have that 
21(h(F) G C+=C2 5$ U+=U2. Cl 
Let E be an abelian imaginary extension of Q and [E : F] = 2. Then h’ = 
h(E) /h(F) is an integer since E/F is a CM extension. 
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Proposition 2.3 (Garbanati [3, Proposition 61). Suppose that there is only one 
prime q E Z whose prime divisor &I in F ramifies in E and q does not split in F. 
Then C+(F) = C(F)2=$2,/’ h’. Cl 
The next thing we need is about the 2-rank of K,O,. Let 
S, = {infinite primes in F} , 
S, = {F-prime pI&II2}, 
S = S, U S,, %’ the class group of the ring of S-integers in F. 
Proposition 2.4 (Kolster [7, Proposition 11). The 2-rank of K20F is #(S) - 1+ 
rank,(%?). Cl 
Finally we need knowledge on the fractional part of cF(-l) /2p-1. 
Proposition 2.5 (Feng [2, Theorem 11). Let f(F) be the conductor of F and 
i 
ix-l) + h(-1) + hW + P 
2P-1 4 3 ; h(q) 
I ‘f0 tf F =2p+l=qisaprimeandF=Q(&-ti,‘), 
X(F) = I 5,(-l) + h(-1) + W-3) f-p-1 4 3 
I otherwise 
where 
h(-1) = WJm) h(-3) = h(F(G)) 
h(F) ’ h(F) ’ 
NQ( LJ>> 
h(q) = h(F) ’ 
Then x(F) E Z. (In fact, x(F) is the arithmetic genus of the Hilbert modular variety 
on F.) 0 
3. Proof of Theorem 1.1 
Lemma 3.1. Under condition (a), the following three statements are equivalent: 
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(1) 
(2) 
(3) 
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#(2-torsion of &OF) = 2’; 
the 2-part of K20F is the elementary 2-group (Z12E)P; 
conditions (b) and (c) hold. 
Proof. From Proposition 2.4 we know that rank,K,O, = #(SW) + #(S,) - 1+ 
rank,(CeS) = p + #(S,) - 1+ rank,(%“) 2 p + 1 - 1+ 0 = p. This implies 
‘(l)e(2)‘. 
From rank,K,O, zp we know that 
rank,l(,O, =p H #(S,)=l and 2)/#(%‘) (*) 
But #(S,) = 1 means that 2 is inertial in F (2 never ramifies in F since the 
conducter f(F) is odd), and in this case it is easy to see that h(F) = #(%) = 
#(% “) where % is the class group of F. Therefore 
#(S,) = 1 and 2 { #(%“> H conditions (b) and (c) hold. (**) 
This implies ‘(2) 3 (3)‘. 
Suppose that (3) is true. From Proposition 2.2 we known that U, = U 2. 
Thus #( uU) = 2’ by Proposition 2.1. Namely, we have fundamental units 
El, * ’ * 7 Ep-l and ep = - Ed - - - E~_~ such that 
(-1, cqq} = 
1 
1 iflSi=jSp, 
-1 otherwise 
where { , } is the Steinberg symbol. From (*) and (**) we know that rank2 
K,O,=p, thus ((-1, q}Il%isp} 
cy E K20F and cx4 = 
is a generator set of K20Fl(K20F)2. If 
1, then a2 = (-1, E}, and E Eker (T = U, = U2. So E = p’, 
P E U and a2 = (- 1, p’} = { - 1, PC> 2 = 1. Therefore there is no element of order 
4 in K20F. This implies ‘(3)+(2)‘. 0 
Lemma 3.2. Under conditions (a), (b) and (c), #(2-primary part of 
W2Wl w1)1> = zp* 
Proof. From Proposition 2.5 and p 13 we know that ord,( cF(- 1)) 2 p - 3 and 
ord,( &(-1)) = p - 3 r-4 ord,(h(-1)) = 0 @ 2 t h(-1) . (***) 
By 2 ,/’ h(F) (=condition (c)) and Proposition 2.2 we know that C, = C”. Take 
E = F(m) in Proposition 2.3. Since there is only 2 whose prime divisor p in F 
ramifies in E and 2 is inertial in F by condition (b), we obtain 2 ,/’ h( - 1) by using 
Proposition 2.3. From (***) we get 
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o&(~,U%A-~N = ord&@)) + ordz(iF(-W 
=3+-p-3=p. 
This completes the proof of Lemma 3.2. Cl 
Proof of Theorem 1.1. This is obtained from the above two lemmas directly. 0 
4. Examples 
Take p = 3 and f(F) = q a prime number, q = 1 (mod 6) in Theorem 1.1. 
Condition (a) is true and condition (b) means that 2 is not a cubic residue mod q. 
Concerning condition (c) we can check the parity of h(F) in the table of [4]. The 
values of lF( - 1) have been calculated by Weisser in [lo]. There are 49 primes 
q=l (mod6), q- -= 1009 such that for the cubic cyclic subfield F of Q( &) the 
Table 1 
4 h(-1) #&O&3 4 h(-1) #K20,18 
7 
13 
19 
37 
61 
67 7 193 571 37 79 471 
73 3 237 577 21 113 511 
79 13 199 613 21 133 491 
97 9 367 619 43 139 489 
103 7 637 631 139 113 133 
139 13 1075 661 21 179 263 
151 7 1981 673 57 130 459 
181 21 2 883 751 61 179 959 
193 9 4291 757 39 246 909 
199 43 3 681 769 147 220 441 
211 43 4 441 787 37 277 267 
241 63 6 433 823 121 260 575 
271 13 11727 829 57 249 663 
313 39 14 917 859 91 431284 
331 31 15 361 877 93 280 231 
337 39 19 033 
367 25 33 799 
373 39 23 029 
379 97 24 843 
409 63 32 581 
1 
3 
21 
133 
421 39 32 713 
463 31 42 325 
487 79 56 277 
523 31 84 357 
541 63 67 941 
883 91 297 201 
907 67 309 289 
967 49 536 083 
991 79 651261 
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Birch-Tate conjecture holds by Theorem 1.1. We list the h(- l), q = f(F) and 
# &0,/8 = W*(F)I &(-l)] /8 in Table 1. (For all cases h(F) = 1 except for 
q = 313 and 877 f or which h(F) = 7. w,(F) = 24 except for q = 7 for which 
w*(F) = 83.7.) 
There are exactly two F’s such that #J&O, = 8 in Table 1. The first one is 
F = Q( & + l$) and K20F is generated by (-1, & + ST’}, (-1, l; + &“} and 
(-1, -l} (see also [6]). The other one is F = Q(w,), w, = 5 + [-’ + c5 + lp5, 
i = &, q = 13, #K*O, = 8. The conjugates of w1 are 
w1 = 0.27389, 
w2 = c2 + 5 -2 A- c3 + c-3 = 1.37720 , 
w3 = l4 + (-” + c6 + (+- = -2.65109, 
w1w2w3 = -1 and K20F is generated by (-1, wl}, (-1, w,} and (-1, -l}. 
Note added in proof. After he finished this paper, the author has found a paper of 
G. Gras, Remarks on K2 of Number Fields, J. Number Theory 23 (1986) 322-335 
-in which the 2-part of the Birch-Tate conjecture is proved for all real abelian 
fields K with ord,(K,O) = [K : Q] by using the p-adic L-functions. 
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